Abstract. We relate the p-adic heights of generalized Heegner cycles to the derivative of a padic L-function attached to a pair pf, χq, where f is an ordinary weight 2r newform and χ is an unramified imaginary quadratic Hecke character of infinity type pℓ, 0q, with 0 ă ℓ ă 2r. This generalizes the p-adic Gross-Zagier formula in the case ℓ " 0 due to Perrin-Riou (in weight two) and Nekováȓ (in higher weight).
Introduction
Let p be an odd prime, N ě 3 a positive integer prime to p, and f " ř a n q n a newform of weight 2r ą 2 on X 0 pN q with a 1 " 1. Fix embeddingsQ Ñ C andQ ÑQ p once and for all, and suppose that f is ordinary at p, i.e. the coefficient a p PQ p is a p-adic unit. Building on work of Perrin-Riou
PR1
[PR1], Nekováȓ
Nek
[N3] proved a p-adic analogue of the Gross-Zagier formula GZ [GZ] for f along with any character C : GalpH{Kq ÑQˆ. Here, K is an imaginary quadratic field of odd discriminant D such that all primes dividing pN split in K, and H is the Hilbert class field of K.
Nekováȓ's formula relates the p-adic height of a Heegner cycle to the derivative of a p-adic L-function attached to the pair pf, Cq. Together with the Euler system constructed in NekEuler [N1] , the formula implies a weak form of Perrin-Riou's conjecture colmez [Co, 2.7 ] (a p-adic analogue of the BlochKato conjecture) for the motive f b K Nek [N3, Theorem B] . The connection between special values of L-functions (both p-adic and complex) and algebraic cycles is part of a very general (conjectural) framework articulated in the works of Beilinson, Bloch, Kato, Perrin-Riou, and others. Despite the fact that these conjectures can be formulated for arbitrary motives, they have been verified only in very special cases.
The goal of this paper is to extend the ideas and computations in is an unramified Hecke character of infinity type pℓ, 0q, with 0 ă ℓ " 2k ă 2r, and
Na is the associated theta series. The conditions on ℓ guarantee that the Hecke character χ 0 :" χ´1N r`k of infinity type pr`k, r´kq is critical in the sense of BDP1 [BDP1, §4] . Note that Lpf, χ´1 0 , 0q " Lpf, χ, r`kq is the central value of the Rankin-Selberg L-function attached to f b Θ χ . If we take ℓ " 0, then χ comes from a character of GalpH{Kq, so we are in the situation of Nek [N3] . Our main result (Theorem main 1) extends Nekováȓ's formula to the case ℓ ą 0 by relating p-adic heights of generalized Heegner cycles to the derivative of a p-adic L-function attached to the pair pf, χq. We now describe both the algebraic cycles and the p-adic L-function needed to state the formula.
1.1. Generalized Heegner cycles. Let Y pN q{Q be the modular curve parametrizing elliptic curves with full level N structure, and let E Ñ Y pN q be the universal elliptic curve with level N structure. Denote by W " W 2r´2 , the canonical non-singular compactification of the p2r´2q-fold fiber product of E with itself over Y pN q Sch [Sc] . Finally, let A{H be an elliptic curve with complex multiplication by O K and good reduction at primes above p. We assume further that A is isogenous (over H) to each of its GalpH{Kq-conjugates A σ and that A τ -A, where τ is complex conjugation. Such an A exists since K has odd discriminant Gr [G, §11] . Set X " W HˆH A ℓ , where W H is the base change to H. X is fibered over the compactified modular curve XpN q H , the typical geometric fiber being of the form E 2r´2ˆAℓ , for some elliptic curve E.
The p2r`2k´1q-dimensional variety X contains a rich supply of generalized Heegner cycles supported in the fibers of X above Heegner points on X 0 pN q (we view X as fibered over X 0 pN q via XpN q Ñ X 0 pN q). These cycles were first introduced by Bertolini, Darmon, and Prasanna in BDP1 [BDP1] . In Section cycles 4, we define certain cycles ǫ B ǫY and ǫ Bǭ Y in CH r`k pXq K which sit in the fiber above a Heegner point on X 0 pN qpHq, and which are variants of the generalized Heegner cycles which appear in BDP3 [BDP2] . Here, CH r`k pXq K is the group of codimension r`k cycles on X with coefficients in K modulo rational equivalence. In fact, for each ideal a of K, we define cycles ǫ B ǫY a and ǫ Bǭ Y a in CH r`k pXq K , each one sitting in the fiber above a Heegner point. These cycles are replacements for the notion of GalpH{Kq-conjugates of ǫ B ǫY and ǫ Bǭ Y . The latter do not exist as cycles on X, as X is not (generally) defined over K. In particular, we have ǫ B ǫY O K " ǫ B ǫY .
The cycles ǫ B ǫY a and ǫ Bǭ Y a are homologically trivial on X (Corollary homtriv 14), so they lie in the domain of the p-adic Abel-Jacobi map
where V is the GalpH{Hq-representation H 2r`2k´1 et pX, Q p qpr`kq. We will focus on a particular 4-dimensional p-adic representation V f,A,ℓ , which admits a map V f,A,ℓ is a Q p pf q-vector space, where Q p pf q is the field obtained by adjoining the coefficents of f . As a Galois representation, V f,A,ℓ is ordinary (Theorem and z f,χ " 1 h
both being elements of H 1 f pH, V f,A,ℓ q bQ p . Our main theorem relates xz f,χ , z f,χ y ℓ K to the derivative of a p-adic L-function which we now describe.
1.2. The p-adic L-function. Recall, if f " ř a n q n P M j pΓ 0 pM q, ψq and g " ř b n q n P M h pΓ 0 pM q, ξq, then the Rankin-Selberg convolution is Lpf, g, sq " L M p2s`2´j´h, ψξq ÿ ně1 a n b n n´s, where
ψξqppqp´s˘´1 .
Let K 8 {K be the Z 2 p -extension of K and let K p be the maximal abelian extension of K unramified away from p. In Section 2, we define a p-adic L-function L p pf b χqpλq, which is aQ p -valued function of continuous characters λ : GalpK 8 {Kq Ñ 1`pZ p . The Iwasawa function L p pf b χq is the restriction of an analytic function on HompGalpK p {Kq, Cp q, which is characterized by the following interpolation property: if W : GalpK p {Kq Ñ Cp is a finite order character of conductor f, with Nf " p β , then L p pf b χqpWq " C f,k WpN qχWpDqτ pχWqV p pf, χ, WqLpf, Θ χW , r`kq with C f,k " 2pr´k´1q!pr`k´1q! p4πq 2r α p pf q β xf, f y N , and where α p pf q is the unit root of x 2´a p pf qx`p 2r´1 , xf, f y N is the Petersson inner product, D "`?D˘is the different of K, Θ χW is the theta series Θ χW " ÿ pa,fq"1 χWpaqq Na , τ pχWq is the root number for LpΘ χW , sq, and Recall we have fixed a continuous homomorphism ℓ K : AK{KˆÑ Q p . Thinking of ℓ K as a map GalpK 8 {Kq Ñ Q p , we may write ℓ K " p´n log p˝λ , for some continuous λ : GalpK 8 {Kq Ñ 1`pZ p . The derivative of L p at the trivial character in the direction of ℓ K is by definition
.
With these definitions, we can finally state our main result.
3 main Theorem 1. If χ is an unramified Hecke character of K of infinity type pℓ, 0q with 0 ă ℓ " 2k ă 2r, then
where h " h K is the class number and u " 1 2 OK.
realj Remark Our assumption that A τ -A implies that the lattice corresponding to A is 2-torsion in the class group. This is convenient for proving the vanishing of the p-adic height in the anticyclotomic direction, but not strictly necessary. One should be able to prove the theorem without this assumption by making use of the functoriality of the height pairing to relate heights on X to heights on X τ , but we omit the details.
Remark When ℓ " 0 the cycles and the p-adic L-function simplify to those constructed in Nek [N3] , and the main theorem becomes Nekováȓ's formula, at least up to a somewhat controversial sign. It appears that a sign was forgotten in Nek [N3, II.6.2.3] , causing the discrepancy with our formula and with Perrin-Riou's as well. Perrin-Riou's formula
PR1
[PR1] covers the case ℓ " 0 and r " 1.
Remark
We have assumed N ě 3 for the sake of exposition. For N ă 3, the proof should be modified to account for the lack of a fine moduli space and extra automorphisms in the local intersection theory. These details are spelled out in [N1] . This is the subject of forthcoming work of Yara Elias.
In the reverse direction, Theorem main 1 can potentially be used to show (in certain situations) that L 1 p pf b χ, ½q is non-zero. Consider the setup of BDP5 [BDP3, Remark 3] , where one knows that the cohomology class z f,χ is non-torsion by computing the value of a certain other p-adic L-function. If we assume the non-degeneracy of p-adic heights, then Theorem
Of course, the conjectural non-degeneracy of p-adic heights is only known in certain special cases.
Finally, we anticipate that our result can be used to study the variation of generalized Heegner cycles in p-adic families, in the spirit of francesc [Ca] . Theorem main 1 allows for variation in not just the weight of the modular form f , but in the weight of the Hecke character χ as well.
1.4. Related work. There has been much recent work on the connections between Heegner cycles and p-adic L-functions. Generalized Heegner cycles were first studied in BDP1 [BDP1] , where their AbelJacobi classes were related to the special value of a p-adic L-function attached to f b χ, for certain (other) Hecke characters χ. Brooks extended these results to Shimura curves over Q hunter [B] and recently Liu, Zhang, and Zhang proved a general formula for arbitrary totally real fields lzz [LZZ] . In disegni [D] , Disegni computes p-adic heights of Heegner points on Shimura curves, generalizing the weight 2 formula of Perrin-Riou for modular curves. Kobayashi kob [K] extended Perrin-Riou's height formula to the supersingular case. Our work is the first (as far as we know) to study p-adic heights of generalized Heegner cycles. [N3] , this means that
|D|, ∆ 3 " 1, and γ " γ 3 " 0. We begin by defining theta measures.
Fix an integer m ě 1 and let O m be the order of conductor m in K. Let a be proper O m -ideal whose class in PicpO m q is denoted by A. The quadratic form
takes integer values on a. Define the measure Θ A on Zp by
To keep things from getting unwieldy we have omitted χ from the notation of the measure. If φ is a function on Z{p ν Z with values in a p-adic ring A, then
where ρ a pn, ℓq is the sum řx ℓ over all x P a with Q a pxq " n. We have ρ apγq pn, ℓq "γ ℓ ρ a pn, ℓq, for all γ P Kˆ, so that Θ A is independent of the choice of representative a for the class A. For a P A,
since ℓ is a multiple of w m . The coefficients r A,χ pnq play the role of (and generalize) the numbers r A pmq that appear in GZ [GZ] and
Proposition 2. Θ A pφq is a cusp form in M ℓ`1 pΓ 1 pM q, Aq, with M " lcmp|D|m 2 , p 2ν q.
Proof. It is classical
Ogg [Og] that ř xPax ℓ q Qapxq is a cusp form in M ℓ`1 pΓ 1 p|D|m 2 qq. It follows from
Hida1
[H, Proposition 1.1] that weighting this form by φ gives a modular form of the desired level.
For a fixed integer C, define the Eisenstein measures N3, I.3.6] . Similarly, we define the following convolution measure on Zp
which takes values in M 2r pΓ 0 pN |D|p 8 q; χpāq´1p´δZ p q. Here, H is holomorphic projection, δ r´1´k 1 is Shimura's differential operator, and ξ "`D˘. We are implicitly identifying Z p with the ring of integers of K p for a prime p above p (which is split in K), so that x ℓ P Z p for all x P a. The measure Ψ C A is defined by
where
is the trace map, i.e. the adjoint to the operator g Þ Ñ |D| r´1 gˇˇˇˇ2
For ring class field characters ρ : GpH m {Kq Ñ Qˆ, define
and similarly for Ψ C ρ . We define Ψ C f,ρ " L f 0 pΨ C ρ q, where L f 0 is the Hida projector attached to the p-stabilization
.2] for its definition and properties). Explicitly, if g P M j pΓ 0 pN p µ q;Qq with µ ě 1, then
We also define a measure Ψ C f on GalpH p 8 {KqˆGalpKpµ p 8 q{Kq by 
Similarly, if ρ is a ring class character with conductor a power of p,
where W 2 " ρ¨pη˝Nq, the later being thought of as a character modulo the ideal f " lcmpcond ρ, cond η, pq. We denote by W the primitive character associated to W 2 . By definition,
This is a cusp form in [Og] for a more general result). The computations of Nek [N3, I.5.3-4] carry over to our situation, except the theta series transformation law now reads
where F is the involutionˆ0´1
We define τ pχWq by the relation (2.10) 
Here, Cpr, kq " 2p´1q r´1 pr´k´1q!pr`k´1q! p4πq 2r and
The modified measuresΨ C f,ρ satisfy ż
where D "`?D˘is the different of K. Now to define the p-adic L-function. Recall we have fixed an integer C prime to N |D|p. Definition For any continuous character φ : GpH p 8 pµ p 8 q{Kq ÑQp with conductor of p-power norm, we define , where { Qpf, χq is the p-adic closure (using our fixed embeddingQ ãÑQ p ) of the field generated by the coefficients of f and the values of χ and c P { Qpf, χq is non-zero. We can construct analogous measures and an analogous p-adic L-function forχ, which is a Hecke character of infinity type p0, ℓq. There is a functional equation relating L p pf b χq to L p pf bχq, which we now describe. First define We also have V p pf,χ,Wq " V p pf, χ, Wq, so that
The proposition now follows from a simple computation.
Recall the notation λ τ paq " λpa τ q.
Lvanish Corollary 6. Suppose`D N˘" 1 and λ is anticyclotomic, i.e. λλ τ " 1. Then L p pf b χqpλq " 0.
Proof. From the functional equation and the fact that
we obtain Λ p pf b χqpλq "´Λ p pf b χqpλ´τ q. Since λ is anticyclotomic, this is equal to´Λ p pf b χqpλq. 
(with the signs normalized so that D 1 is a discriminant), we define
as above and α P pZ{|D|p v Zqˆ,
Remark Note that the factor
, but requires some extra Fourier analysis. We sketch the argument for the convenience of the reader. Fixing an ideal a in the class of A, we set L " p v a and let L˚be the dual lattice with the respect to the quadratic form Q a . Denote by S " S a the symmetric bilinear form corresponding to Q a , so S a pα, βq "
For any c P Z, one checks the following relations:
and for all a P Z and w P L˚,
We also have
This follows from the identity
valid for any rank two integral quadratic space pL, Q a , S a q and any polynomial P of degree ℓ which is spherical for Q a . See
Wall [Wa] for a proof of this version of Poisson summation. Now write
ith H P SL 2 pZq. Exactly as in
PR1
[PR1], we use the relations above to compute
For any function λ on pZ{p v Zqˆ, we define h D 1 pλq as in
The Fourier coefficient computation in 11 jacobi Proposition 8. Let f " ř ně1 apnqq n be a cusp form of weight ℓ`1, and g " ř ně0 bpnqq n a holomorphic modular form of weight one, both on Γ 0 pN q. Then Hpf δ
The integral is evaluated using the following lemma.
roof. Evaluating the elementary integrals, we find that the left hand side is equal to m! p4πpi`jqq m`2k`1 G m,kˆj i`j˙. where
It therefore suffices to prove the identity
This is proved by showing that both sides satisfy the same defining recurrence relation (and base cases). Indeed, one can check directly, but preferably with the help of a computer algebra system, that for m ě 1:
That the right hand side of ( combo 3.6) satisfies the same recurrence relation amounts to the well known recurrence relation for the Jacobi polynomials
and one checks that the recurrence relation 2pn`1qpn`β`1qp2n`βqP p0,βq
p0,βq n´1 ptq translates (using n " m`2k and β "´2k) into the recurrence ( recur 3.7) for the polynomials
Finally, to prove the proposition, we simply plug in m " r´k´1 into the previous lemma and simplify our above expression for cpnq.
Recall that for any ideal class A, we have defined
Putting together Lemma 
Lemma 10.
r AD´1 1 ,χ pjq " χpD 2 q´1r A,χ pj|D 2 |q.
Proof. Since D 1 is 2-torsion in the class group, the left hand side equals r AD 1 ,χ pjq. The lemma now follows from the definitions once one notes that b Þ Ñ bD 2 is a bijection from integral ideals of norm j in AD 1 to integral ideals of norm j|D 2 | in AD.
Using the lemma and also the change of variables employed in
, we obtain our version of
Proposition 11. If p|m, then
where ǫ A pn, dq " 0 if pd, n{d, |D|q ą 1, otherwise
where pd, |D|q " |D 2 | and
Proof. The proof is as in Nek [N3] . We have also used the fact that χpDq " D k to get the extra factor of |D|´k and the correct sign (recall that D is negative!).
fourier Corollary 12. If`D N˘" 1 and p|m, then
Proof. As in
Generalized Heegner cycles cycles
In the previous section we computed Fourier coefficients of p-adic modular forms closely related to the derivative of L p pf, χq at the trivial character and in the cyclotomic direction. We expect similar looking Fourier coefficients to appear as the sum of local heights of certain cycles, with the sum varying over the finite places of H which are prime to p.
These cycles should come from the motive attached to f b Θ χ . Since Θ χ has weight 2k`1, work of Deligne and Scholl provides a motive inside the cohomology of a Kuga-Sato variety which is the fiber product of 2k´1 copies of the universal elliptic curve over X 1 p|D|q. Instead of using this motive, we work with a closely related motive, which we describe now.
We fix an elliptic curve A{H with the following properties:
(2) A has good reduction at primes above p.
(3) A is isogenous to each of its GalpH{Kq-conjugates.
(4) A τ -A, where τ is complex conjugation. Remark Since D is odd, we may even choose such an A with the added feature that ψ 2 A is an unramified Hecke character of type (2,0) (see Roh [R] ). In that case, ψ 2k A differs from χ by a character of GalpH{Kq, so this is a natural choice of A, given χ. In general, ψ 2k
A χ´1 is a finite order Hecke character.
We will use a two-dimensional submotive of A 2k whose ℓ-adic realizations are isomorphic to those of the Deligne-Scholl motive for Θ ψ 2k
From Property (3), A is isogenous to A σ over H for each σ P G :" GalpH{Kq. If σ corresponds to an ideal class ras P PicpO K q via the Artin map, then one such isogeny φ a : A Ñ A σ is given by A Ñ A{Aras, at least if a is integral. A different choice of integral ideal a 1 P ras gives an isomorphic elliptic curve over H, and the maps φ a and φ a 1 will differ by endomorphisms of A and A σ .
As in the introduction, let Y pN q{Q be the modular curve parametrizing elliptic curves with full level N structure, and let E Ñ Y pN q be the universal elliptic curve with level N structure. The canonical non-singular compactification of the p2r´2q-fold fiber product EˆY pN q¨¨¨ˆY pN q E, will be denoted by W " W 2r´2 Sch [Sc] ; W is a variety over Q. The map W Ñ XpN q to the compactified modular curve has fibers (over non-cuspidal points) of the form E 2r´2 , for some elliptic curve E. We set
where W H is the base change to H. Recall the curve X 0 pN q{Q, the coarse moduli space of generalized elliptic curves with a cyclic subgroup of order N . X 0 pN q is the quotient of XpN q by the action of the standard Borel subgroup B Ă GL 2 pZ{N Zq {t˘1u acting on XpN q. The computations of the Fourier coefficients in the previous section suggest that we consider the following generalized Heegner cycle on X. Fix a Heegner point y P Y 0 pN qpHq represented by a cyclic N -isogeny A Ñ A 1 , for some elliptic curve A 1 {H with CM by O K . Such an isogeny exists since each prime dividing N splits in K. Also letỹ be a point of Y 0 pN q H over y. The fiber Eỹ of the universal elliptic curve E Ñ Y pN q above the pointỹ is isomorphic to A F , where F Ą H is the residue field ofỹ. Let
be the diagonal, and we write Γ ? D Ă EỹˆEỹ for the graph of ?
Here Xỹ is the fiber of the natural projection X Ñ XpN q above the point y.
Since X is not defined over Q, we need to find cycles to play the role of GalpH{Kq-conjugates of Y . For each σ P GalpH{Kq we have a corresponding ideal class A. For each integral ideal a P A, define the cycle Y a as follows:
Here, Γ t φa is the transpose of Γ φa , the graph of φ a : A Ñ A a . The cycle Y a P CH k`r pX F q is not independent of the class of a in PicpO K q, but certain expressions involving Y a will be independent of the class of a.
4.1. Projectors. Next we define a projector ǫ P Corr 0 pX, Xq K so that ǫY a lies in the group CH r`k pX F q 0,K of homologically trivial pr`kq-cycles with coefficients in K. Here, Corr 0 pX, Xq K is the ring of degree 0 correspondences with coefficients in K. For definitions and conventions concerning motives, correspondences, and projectors see
The projector is defined as ǫ " ǫ X " ǫ W ǫ ℓ . Here, ǫ W is the pullback to X of the Deligne-Scholl projectorǫ W P QrAutpW qs which projects onto the subspace of H 2r´1 pW q coming from modular forms of weight 2r (see e.g.
BDP1
[BDP1, §2]). The second factor ǫ ℓ is the pullback to X of the projector
denoted by the same symbol. On the p-adic realization of the motive
Here, p is the prime of K above p which is determined by our chosen embedding KãÑQ p and We also make use of the projectors
The first projects onto VpA bℓ and the latter onto
Define the following sheaf on XpN q:
where w " 2r´2, and j : Y pN q ãÑ XpN q and f : E Ñ Y pN q are the natural maps. From now on we drop the subscript 'et' from all cohomology groups and setZ " ZˆS pec k Speck for any variety defined over a field k. We also use the notation V K " V b K, for any abelian group V .
Theorem 13. There is a canonical isomorphism
Proof. See homtriv Corollary 14. The cycles ǫY a andǭY a are homologically trivial on X F , i.e. they lie in the domain of the p-adic Abel-Jacobi map
Proof. By the theorem, ǫ 1 Y a is in the kernel of the map
i.e. it is homologically trivial. It follows that ǫY a andǭY a are homologically trivial as well.
Denote by bpY a q the cohomology class of ǫpȲ a q in the fiberXỹ, so that bpY a q lies in
the sheaf on Y pN q. The isomorphism above follows from proper base change, Lemma 1.8 of
[BDP1], and the Kunneth formula. Similarly, letbpY a q be the class ofǭȲ a . For the next proposition, let j : Y pN q Ñ XpN q be the inclusion.
The element z a , thought of as an extension of p-adic Galois representations, can be obtained as the pull back of
by the map Q p Ñ H 0`ỹσ , B˘sending 1 to bpY a q, and similarly forz a . In particular, z a andz a only depend on bpY a q andbpY a q respectively.
Proof. (1) follows from Faltings' theorem
Falt [F] and the fact that X has good reduction at primes above p. (2) is a general result due to Nekováȓ, see
Nek2
[N4, Theorem 3.1]. To apply the result one needs to know the purity conjecture for the monodromy filtration for X. But this is known for W and A ℓ , so it holds for X as well Definition If F {H is a field extension, then a Tate vector is an element in H 0 pȳ 0 , Bq GalpF {F q for some y 0 P Y pN qpF q. A Tate cycle is a formal finite sum of Tate vectors over F . The group of Tate cycles is denoted ZpY pN q, F q.
Let π : XpN q Ñ X 0 pN q " XpN q{B be the quotient map, and as in
ř gPB g, which acts on XpN q and its cohomology. Set A " pπ˚Bq B , apY a q " ǫ B bpY a q, andāpY a q " ǫ Bb pY a q. We define the group ZpY 0 pN q, F q of Tate cycles on Y 0 pN q exactly as for Y pN q, but with B replaced by A . Let j 0 : Y 0 pN q Ñ X 0 pN q be the inclusion. Note that apY a q is an element of ZpY pN q, Hq, not just ZpY pN q, F q.
Proposition 16. The element Φpǫ B ǫY a q P H 1´H , H 1´X 0 pN q, pj 0 q˚A¯p1q¯, thought of as an extension of p-adic Galois representations, can be obtained as the pull back of
by the map Q p Ñ H 0 py σ , A q sending 1 to apY a q. In particular, Φpǫ B ǫY a q only depends on apY a q.
Similarly, Φpǫ Bǭ Y a q depends only onāpY a q.
In fact, for any field F {H one can define a map Φ T : ZpY 0 pN q, F q Ñ H 1 pF, H 1 pX 0 pN q, j 0˚A qp1qq, and we have Φpǫ B ǫY a q " Φ T papY aand Φpǫ Bǭ Y a q " Φ T pāY a q. See The T m are correspondences on X; they act on Chow groups and cohomology groups and commute with Abel-Jacobi maps. To describe the action of the Hecke algebra T on Tate vectors, we need to say what T m does to an element of H 0 pȳ 0 , A q GpF {F q for an arbitrary point y 0 P X 0 pN qpF q, F an extension of H. Such an element is represented by a triple pE, C, bq where E is an elliptic curve, C is a subgroup of order N , and
As the Hecke operators are defined via base change from those on W 2r´2 , we have:
where we are using the map λ wˆi d :
15. For any newform f P S 2r pΓ 0 pN qq, we let V f,A,ℓ be the f -isotypic component of V r,A,ℓ with respect to the action of T. Consider the f -isotypic Abel-Jacobi map 
As is shown in Section
depending on a choice of logarithm ℓ K : AK{KˆÑ Q p and the canonical splitting of the local Hodge filtrations at places v of H above p. We will sometimes omit the dependence on ℓ K in the notation for the heights if a choice has been fixed. If a, b P ZpY 0 pN q, F q are two Tate cycles, then we will write xa, by ℓ K for xΦ T paq, Φ T pbqy ℓ K . intersect 4.3. Intersection theory. Here we collect some facts about generalized Heegner cycles and their corresponding cohomology classes. We first recall the intersection theory on products of elliptic curves; see Nek [N3, II.3] for proofs. Let E, E 1 , E 2 be elliptic curves over an algbraically closed field k of characteristic not p, and set
for any variety Y {k. A pair pα, βq of isogenies α P HompE 2 , Eq and β P HompE 2 , E 1 q, determines a cycle
where pα, βq˚: CH 0 pE 2 q Ñ CH 1 pEˆE 1 q is the push forward. The image of Γ α,β under the cycle class map CH 1 pEˆE 1 q Ñ H 2 pEˆE 1 qp1q will be denoted by rΓ α,β s. Also let X α,β be the projection of rΓ α,β s to H 1 pEq b H 1 pE 1 qp1q, i.e.
where h is the horizontal class rΓ 1,0 s and v is the vertical class rΓ 0,1 s. If α P HompE, E 1 q, we write Γ α and X α for Γ 1,α and X 1,α , respectively. If β P HompE 1 , Eq we write Γ t β and X t β for Γ β,1 and X β,1 , respectively. Finally, let
be the non-degenerate cup product pairing. given by pα, βq Þ Ñ X α,β is biadditive. (2) The map HompE, E 1 q Ñ H 1 pEqˆH 1 pE 1 qp1q given by α Þ Ñ X α is an injective group homomorphism. (3) If E " E 1 , then X α,β " X βα and pX α , X β q "´Trpαβq for all α, β P EndpEq. Here, Tr : EndpEq Ñ Z is the map α Þ Ñ α`α.
It is convenient to think of H 1 pEq as V p E˚" HompV p E, Q p q, where V p E " T p E b Q p is the p-adic Tate module. The Weil pairing
We then have the following diagram of isomorphisms
2 V p Ep´1q with the space End 0 pV p Eq of traceless endomorphisms of V p E. Now suppose that E has complex multiplication by O K and that p " pp splits in K. Then
where V p " lim Ð Ý Erp n s b Q p and Vp " lim Ð Ý Erp n s b Q p . Let x˚and y˚be a basis for V p E and VpE respectively, and let x, y be the dual basis of H 1 pEq arising from the Weil pairing. Since the Weil pairing is non-degenerate, we may assume that epx˚, y˚q " 1 P Q p . If α P EndpEq, then the class X α P H 1 pEq b H 1 pEqp1q, when thought of as an element of EndpV p Eq via the isomorphisms above, is simply the map V α : V p E Ñ V p E induced on Tate modules. Thus, X 1 " λpx b y´y b xq for some λ P Q p . Recall that one can compute the intersection pairing on H 1 pEq b2 in terms of the cup product on H 1 pEq:
Since pX 1 , X 1 q "´2, we conclude that λ " 1. Next we claim that 
x b y corresponds to the element f P EndpV p q such that f pax˚`by˚q " ax˚whereas y b x corresponds to g P EndpV p q such that gpax˚`by˚q "´by˚.
which is possible because p splits in K. For P P Erp n s, one has pb`?DqpP q " 0, so ? DpP q "´bP . Since b "˘?D (mod p n q, it follows upon taking a limit that pV ? Dqpx˚q " ?
Dx˚. Since we can writep n " p n Z`b´?
D 2 Z, we also have pV ? Dqpy˚q "¯?Dy˚, and this proves the claim. Hence
Finally, note that the projector ǫ 1 P Corr 0 pE, Eq K defined earlier acts on H 1 pEq as projection onto V p .
Proposition 18. Let a Ă O K be an ideal and A P PicpO K q its ideal class. Then the elements
Proof. To prove the proposition for z A f,χ , we wish to relate z a f to z apγq f for some γ P O K and some integral ideal a. The contribution to z a f from one of the "generalized" components Γ t φa Ă A aˆA is ǫX φa,1 , where
as above. Let x, y be a basis of H 1 pĀ, Q p q such that and so X φa,1 " degpφ a q px a b y´y a b xq . Similarly, X φ apγq ,1 " X γφa,1 " degpφ a q pγpx a b yq´γpy a b xqq . Since the projector ǫ kills y, we find that ǫX γφa,1 " γǫX φa,1 . In the components which come purely from the Kuga-Sato variety W 2r´2 , the two cycles Y a and Y apγq are identical -they both have the form ǫΓ r´k´1 ? D
. Taking the tensor product of the ℓ "generalized" components and the r´k´1 Kuga-Sato components, we conclude that
f , as desired. The proof for z A f,χ is similar: sincez a f is defined usingǭ instead of ǫ, the extra factor of γ ℓ which pops out is accounted for by the factorχpaq´1.
invariance Lemma 19. For any ideal classes A, B, C P PicpO K q, we have
Proof. It suffices to prove
for all integral ideals a and b. Let σ P GalpK{Kq restrict to an element of GalpH{Kq which corresponds to a under the Artin map. Consider the morphisms of Chow groups σ : CH˚pWˆA ℓ q K Ñ CH˚pWˆpA σ q ℓ q K and ξ " pidˆφ ℓ a q˚: CH˚pWˆpA σ q ℓ q K Ñ CH˚pWˆA ℓ q K . After identifying A σ with A a , one checks that pξ˝σqpY b q " Y ab . Indeed, since a and b are integral, the graph of φ σ b : A σ Ñ pA b q σ is identified with the graph of the projection map φ : A{Aras Ñ A{Arabs, and the latter is pulled back to Γ φ ab by pidˆφ a q˚. This identity therefore holds for the corresponding cohomology classes. On cohomology, σ and ξ are isomorphisms, so ( . We are using the fact that´φ ℓ a¯˚i s adjoint to`φ ℓ a˘˚u nder the pairing given by Poincaré duality, and that deg φ a " Nmpaq. The goal now is to compute xz f,χ , z f,χ y, where
Here, we have extended the p-adic heightQ p -linearly. Let τ P GalpH{Qq be a lift of the generator of GalpK{Qq. As A and W are defined over R, τ acts on X " WˆA ℓ and its cohomology.
atkin Lemma 20. Let n Ă O K be the primitive ideal of norm N corresponding to the Heegner point y P X 0 pN q, and let p´1q r ǫ f be the sign of the functional equation for Lpf, sq. Then
Proof. Let W 0 j pN q be the Kuga-Sato variety over X 0 pN q, i.e. the quotient of W j by the action of the Borel subgroup B. Recall the map W N : W 0 j Ñ W 0 j which sends a point P PĒ j in the fiber above a diagram φ : E Ñ E{Erns to the point φ j pP q in the fiber above the diagramφ : E{Erns Ñ E{ErN s. Meanwhile, complex conjugation sends the Heegner point A a Ñ A a {A a rns to the Heegner point Aā Ñ Aā{Aārns. Thus on a generalized component of our cycle, we have pW Nˆi dq˚pX φān,1 q " N X φā,1 " N τ pX φa,1 q, where these objects are thought of as Chow cycles on X which are supported on the fiber of X above pỹq στ . Since τ takes V p A to VpA, we even have pW Nˆi dq˚pǭ 1 X φān,1 q " Nǭ 1 X φā,1 " N τ pǫ 1 X φa,1 q.
On the purely Kuga-Sato components, one computes is multiplication by N in each fiber. On cycles and cohomology, rN sˆid acts as multiplication by N 2r´2 . Since W N commutes with the Hecke operators, we see that pW Nˆi dq acts as multiplication by˘N r´1 on the f -isotypic part of cohomology, and this sign is well known to equal ǫ f . Putting things together, we obtain
from which the first identity in the lemma follows. The proof of the second identity is entirely analogous.
In particular, Theorem main 1 holds for such ℓ K .
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Proof. From the previous lemma we have τ pz f,χ q " p´1q r´k´1 ǫ f χpnqN´kz f,χ and τ pz f,χ q " p´1q r´k´1 ǫ fχ pnqN´kz f,χ .
Thus xz f,χ , z f,χ y ℓ K " xτ pz f,χ q, τ pz f,χ qy ℓ K˝τ " xz f,χ , z f,χ y´ℓ 
The height x , y can be written as a sum of local heights:
where v varies over the finite places of H. These local heights are defined in general in In the next section we compute the local heights xz f , z A f,χ y v for finite places v of H not dividing p. The contribution from local heights at places v|p will be treated separately.
Local p-adic heights at primes away from p localhts

Our goal is to compute
Since such a homomorphism is unique up to scaling, we may assume that ℓ K " log p˝λ , where λ : GpK 8 {Kq Ñ 1`pZ p is the cyclotomic character and log p is Iwasawa's p-adic logarithm. We may write λ "λ˝N, wherẽ λ : Zp Ñ 1`pZ p is given byλpxq " xxy´1. Here, xxy " xω´1pxq, where ω is the Teichmuller character. We maintain the following notations and assumptions for the rest of this section. Fix an ideal class A and an integer m ě 1, and suppose that there are no integral ideals in A of norm m, i.e. r A pmq " 0. Choose an integral representative a P A and let σ P GalpH{Kq correspond to A under the Artin map. Write x " bpY q andx a "bpY a q for the two Tate vectors supported at the points y and y σ in X 0 pN qpHq. Let v be a finite place of H not dividing p and set F " H v . Write Λ for the ring of integers in F ur , the maximal unramified extension of F , and let F "F ℓ be the residue field of Λ. Write X 0 pN q Ñ Spec Z for the integral model of X 0 pN q constructed in KM [KM] , and let X 0 pN q Λ be the base change to Spec Λ. Finally, write i : Y 0 pN qˆQ F ur ãÑ X 0 pN q Λ for the inclusion. Now suppose a, b are elements of ZpY 0 pN q, F ur q supported at points y a ‰ y b of X 0 pN qpF ur q of good reduction. Let y a and y b be the Zariski closure of the points y a and y b in X 0 pN q Λ and let a and b be extensions of a and b to H 0 py a , i˚A q and H 0 py b , i˚A q respectively. If y a and y b have common special fiber z (so z corresponds to an elliptic curve E{F), then define pa, bq v " py a¨yb q z¨p a z , b z q, where py a¨yb q z is the usual local intersection number on the arithmetic surface X 0 pN q Λ and pa z , b z q is the intersection pairing on the cohomology of E 2r´2ˆAℓ F , where A F is the reduction of AF .
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Remark Note that while A may not have good reduction at v, it has potential good reduction. We can therefore identify H i et pAF , Q p q and H i et pA F , Q p q as vector spaces, but not as GalpF {F qrepresentations. Since the ensuing intersection theoretic computations can be performed over an algebraic closure, this is enough for our purposes.
Our assumption that r A pmq " 0 implies that the Tate vectors x and T mx a have disjoint support. By ST [ST] , we may assume that they are supported at points of X 0 pN q Λ which are represented by elliptic curves with good reduction. The following proposition gives a way to compute the local heights purely in terms of Tate vectors. This technique of computing heights of cycles on higher dimensional motives coming from local systems on curves is the key to the entire computation. The idea goes back to work of Deligne, Beilinson, Brylinski, and Scholl, among others. [KM, 14.5.5 .1].
Recall that over Λ, the sections y and y σ correspond to cyclic isogenies of degree N . We will confuse the two notions, so that the notation Hom Λ py σ , yq makes sense. See 
where the sum is over g P Hom Λ{π n py σ , yq of degree m. The intersection pairing on the right takes place in the cohomology of E 2r´2ˆAℓ F , where E -A F is the elliptic curve over F corresponding to the special fiber y s of y.
Proof. The proof builds on that of
Nek [N3, II.4 .12], so we only mention what is new to our setting. We write m as m " m 0 q t where q is the rational prime below v (this is what Nekováȓ calls ℓ).
In the notation of
Nek
[N3], we need to compute the special fiber of x a g pjq, where g P Hom Λ py σ , y σ g q is an isogeny of degree m 0 . There is no harm in assuming r " k`1, because the description of the purely Kuga-Sato components of x a g pjq (i.e. coming from factors of the cycle Y a of the form
. Assume now that q is inert in K and t is even. In this case the special fiber pyq s is supersingular, and the special fiber px a g q s of the Tate vector is represented by the paiŕ
This follows from the definition of the Hecke operators and the following fact: if g : E Ñ E 1 is an isogeny and φ : A Ñ E is an isogeny, then
Since any isogeny h P Hom Λ{π n py σ g , yq of degree q t on the special fiber y s -py σ g q s is of the form as desired. The proof when t is odd or when q is ramified is similar. If q is split in K, then both sides of the equation are 0, as is shown in GZ [GZ] .
When v lies over a non-split prime, End Λ{π pyq " EndpEq is an order R in a quaternion algebra B and we can make the double sum on the right hand side more explicit. To do this, we follow GZ [GZ] and identify Hom Λ{π py σ , yq with Ra by sending a map g to b " gφ a . The reduction of endomorphisms induces an embedding K ãÑ B, which in turn determines a canonical decomposition B " K ' Kj. Thus every b P B can be written as b " α`βj with α, β P K. Recall also that the reduced norm on B is additive with respect to this decomposition, i.e. Npbq " Npαq`Npβjq.
Proof. Recall from Section intersect 4.3 that we have chosen a basis x˚, y˚of V p E, and a dual basis x, y of H 1 pEq such that x˚P V p E, y˚P VpE, and px˚, y˚q " 1. We have already seen that X α " αx b y´ᾱy b x. Since γj " jγ for all γ P K, V j swaps V p E and VpE. So we can write
or some u, v P Q p such that uv " Npjq "´j 2 . It follows that The cohomology classes Xb in the statement of the proposition are on 'mixed' components, i.e. they live in H 1 pEq b H 1 pE 1 q, where E comes from a Kuga-Sato component and E 1 (which is abstractly isomorphic to E) comes from the factor A ℓ . Thus
andǭXb " pᾱx´βuyqy 1 , sinceǭ acts trivially on H 1 pEq and kills the basis vector x 1 in H 1 pE 1 q. Using these observations together with the compatibility of the projectors with the multiplication in the appropriate symmetric algebras, we compute
where C is the coefficient of the monomial y r´k´1 x r`k´1 in pᾱx´βuyq r`k´1 pαy`βvxq r´k´1 . The pairings in the second to last line are the natural ones on Sym 2k H 1 pE 1 q and Sym 2r´2 H 1 pEq induced from the pairings on the full tensor algebras. For example, Sym 2r´2 H 1 pEq has a natural pairing coming from the cup product p , q on H 1 pEq:
In particular, px a y b , x c y d q " 0 unless a " d and b " c, and
We have also used that on Sym 2r´2 H 1 pEq b Sym 2k H 1 pE 1 q we have pu b v, w b zq " pu, wqpv, zq. To compute the value of C, note that in general, the coefficient of
ad´bc¯. This is proved using the method of Zhang [Z, 3.3.3] . Applying this to the situation at hand, we find that
Plugging this in, we obtain the desired expression for the pairing on the special fiber.
For each prime q, define xx, T mx a y q " ř v|q xx, T mx a y v .
htcoeff Proposition 25. Assume that pm, N q " 1, r A pmq " 0 and that N ą 1. Then
Proof. This type of sum arises from Proposition After multiplying by χpāq´1, this sum is nothing other than ÿ
which explains its appearance in the formula above.
We define
nN m|D|U p to a constant, the B σ m appear as coefficients of the derivative of the p-adic L-function defined earlier and C σ m contributes to the height of our generalized Heegner cycle. Just as in Nek [N3, I.6 .7], we wish to relate the B σ m to the C σ m . Let U p be the operator defined by C σ m Þ Ñ C σ mp and similarly for B σ m . For a prime p of K above p, we write σ p for Frobppq P GalpH{Kq. We will also let σ p be the operator C σ m Þ Ñ C σσp m .
mainid Proposition 26. Suppose p ą 2 is a prime which splits in K and that χ is an unramified Hecke character of K of infinity type pℓ, 0q with ℓ " 2k. Then ź
Proof. The proof follows PR1 [PR1, Proposition 3.20] , which is the case r " 1 and ℓ " k " 0. We first generalize PR1 [PR1, Lemma 3.11] and write down relations between the various r A,χ p´q.
Lemma 27. Set r A,χ ptq " 0 if t P QzN. For all integers m ą 0, we have (1) r A,χ pmpq`p ℓ r A,χ pm{pq " χppqr Ap,χ pmq`χppqr Ap,χ pmq.
(2) r A,χ pmp 2 q`p 2ℓ r A,χ pm{p 2 q " χpp 2 qr Ap 2 ,χ pmq`χpp 2 qr Ap 2 ,χ pmq if p|m.
Proof. Note that every integral ideal a in A of norm mp is either of the form a 1 p with a 1 P Ap of norm m or it is of the form a 1p with a 1 P Ap of norm m. Moreover, an ideal of norm mp which can be written as such a product in two ways is necessarily the product of an integral ideal in A of norm m{p with ppq. The first claim now follows from the fact that r A,χ ptq " ÿ aĂO aPA Npaq"t χpaq, and that χpppqq " p ℓ . Parts (2) and (3) follow formally from (1). (4) is proven in PR1 [PR1] and (5) is clear from the definition.
Going back to the proof of Proposition mainid 26, the LHS is equal to
In the following we write vppq for the p-adic valuation of an integer n, and n " n 0 p vppq . For the sake of brevity we also set r A pu, vq " r A,χ pu|D|´vN q for integers u and v and Hpxq " H r´k´1,k pxq. Then by the lemma, the LHS above is equal to
where M pnq equals
Grouping in terms of the n 0 which arise in this sum, we find that the LHS is equal to ÿ
So A t " 0 unless t " 0, and we conclude that the LHS is equal to pU 4 p´p 2r´2 U 2 p qB σ m , as desired.
Ordinary representations ordsec
The contributions to the p-adic height xz f , z A f,χ y coming from places v|p will eventually be shown to vanish. The proof is as in Nek [N3] (though see Section nekfix 8), where the key fact is that the local p-adic Galois representation V f attached to f is ordinary. We recall this notion and prove that the Galois representation V f,A,ℓ " V f b κ ℓ H ℓ pĀ ℓ , Q p qpkq is ordinary as well. Definition Let F be a finite extension of Q p . A p-adic Galois representation V of G F " GalpF {F q is ordinary if it admits a decreasing filtration by subrepresentations¨¨F
ord Theorem 28. Let f P S 2r pΓ 0 pNbe an ordinary newform and let V f be the 2-dimensional p-adic Galois representation associated to f by Deligne. Let A{H be an elliptic curve with CM by O K and assume p splits in K and A has good reduction at primes above p. Then for any 0 ď ℓ " 2k ă 2r and any place v of
Proof. First we recall that V f is ordinary. Indeed, Wiles
Wi [Wi] proves that the action of the decomposition group D p on V f is given byˆǫ 10 ǫ 2ẇ ith ǫ 2 unramified. Since, det V f is χ 2r´1 cyc , we have ǫ 1 " ǫ´1 2 χ 2r´1 cyc . Thus, the filtration
shows that V f is an ordinary GalpQ p {Q p q-representation and hence an ordinary GalpH v {H v qrepresentation as well. Next we describe the ordinary filtration on (a Tate twist of) W .
Proof. The theory of complex multiplication associates to A an algebraic Hecke character ψ : AĤ Ñ Kˆof type Nm : HˆÑ Kˆsuch that for any uniformizer π v at a place v not dividing p or the conductor of A, ψpπ v q P K -EndpAq is a lift of the Frobenius morphism of the reduction A v at v. The composition
grees with ψ on Hˆ, giving a continuous map
Since the target is totally disconnected, this factors through a map
By construction of the Hecke character (and the Chebotarev density theorem), the action of GalpH{Hq on the rank 1 pK b Q p q-module T p A b Q p is given by the character ρ. Since p splits in K, we have pK b Q p qˆ-Kp ' Kp " Qp ' Qp . Now write ρ " ρ p ' ρp, where ρ p and ρp are the characters obtained by projecting ρ onto Kp and Kp .
Lemma 30. Let χ cyc : GalpH v {H v q Ñ Qp denote the cyclotomic character and consider ρ p and ρp as representations of GalpH v {H v q. Then ρ p ρp " χ cyc and ρp is unramified.
Proof. The non-degeneracy of the Weil pairing shows that Ź 2 T p A -Z p p1q. It then follows from the previous discussion that ρ p ρp " χ cyc . That ρp is unramified follows from the fact that tppH v q " 1 and v is prime to the conductor of ψ. Indeed, the conductor of A is the square of the conductor of ψ Gr [G] , and A has good reduction at p.
Remark Let A{O H be the Néron model of A{H. Since Arp n s isétale, it follows that thep-adic Tate module VpA is unramified at v. We can therefore identify ρ p -V p A and ρp " VpA. One can also see this from the computation in equation eigen 4.1.
Lemma 31. As GalpH v {H v q-representations,
Proof. The first claim follows from the fact that
Fix an embedding ι : EndpAqãÑK, which by our choices, induces an embedding EndpAqãÑQ p . By the definition of ρ, ρ p is the subspace of H 1 et pĀ, Q p qp1q on which α P EndpAq acts by ιpαq, whereas on ρp, α acts as ιpαq. The second statement now follows from the Kunneth formula and the definition of κ ℓ .
From the lemmas it follows that
gives an ordinary filtration of M , proving the proposition. Now to prove the theorem. We have specified ordinary filtrations F i V f and F i M above. A simple check shows that
and Tate twisting preserves ordinarity, this proves V f,A,ℓ is ordinary.
Remark Another way to obtain the ordinary filtration on M is to use the fact that M is isomorphic to the p-adic realization of the motive M θ ψ ℓ attached to the modular form θ ψ ℓ of weight ℓ`1. Since A has ordinary reduction at p, θ ψ is an ordinary modular form, and it follows that θ ψ ℓ is ordinary as well. We may therefore apply Wiles' theorem again to obtain an ordinary filtration on W .
Proof. Recall that Vf p1q -V f , so we need to show that W˚-W . This follows from the two lemmas above.
Proof of Theorem
In what follows, normalized primitive forms f β P S 2r pΓ 0 pNwill be indexed by the corresponding Q-algebra homomorphisms β : T ÑQ. We let β 0 be the homomorphism corresponding to our chosen newform f . If A P PicpO K q, then
is a cusp form in S 2r pΓ 0 pN q; Q p pχqq. Indeed, for pm, N q " 1, we have , it suffices to proves the main theorem for cyclotomic ℓ K , i.e. ℓ K " ℓ K˝τ . As cyclotomic logarithms are unique up to scalar we only need to consider the case ℓ K " ℓ Q˝N . Thus, ℓ K " log p˝λ , where λ : GpK 8 {Kq Ñ 1`pZ p is the cyclotomic character. As before, we write λ "λ˝N, whereλ : Zp Ñ 1`pZ p is given byλpxq " xxy´1.
By definition,
Also by definition,
where C is an arbitrary integer prime to N |D|p. The measureΨ C f,1,1 is given by:
where a corresponds to the restriction of τ under the Artin map and σ corresponds to rAs P PicpO p n q. We have
Using logxxy " log x, we compute
The integral ş Zp dΨ C A vanishes because L p pf b χqpλq " 0 for all anticyclotomic λ, in particular for λ " 1.
If we set
then using the identity ż Zp λpβq dΨ
we obtain
Define the operator 
We define the p-adic modular form
By construction, when p|m, pm, N q " 1 and r A pmq " 0, we have
alvanishing Proposition 34. Define the operator
Proof. The proof should be exactly as in Nek [N3, II.5.10] , however the proof given there is not correct. In the next section we explain how to modify Nekováȓ's argument to prove the desired vanishing. For our purposes in this section, the important point is that this modified proof goes through if we replace the representation V f,A,0 " V f (i.e. the ℓ " 0 case which Nekováȓ considers) with our representation V f,A,ℓ " V f b W , where W corresponds to a trivial local system. Indeed, the proof works "on the curve" and essentially ignores the local system. The only inputs specific to the local system are two representation-theoretic conditions: it suffices to know that the representation V f,A,ℓ is ordinary and crystalline. These follow from Theorems 
It follows that
Since L f 0˝U p " α p pf qL f 0 , we can remove F 1 from the equation above; we may divide out the extra factors that arise as they are non-zero by the Weil conjectures. Summing this formula over σ P GalpH{Kq, we obtain
Note that the operators σ p and σp (in the definition of F) permute the various xz f , z A f,χ y as A ranges through the class group. So after summing over GalpH{Kq, these operators have no effect and therefore do not show up in the Euler product in the left hand side. [N3, II.5] which are unaffected by any errors. Our purpose here is to fill in the arguments in that paper which are missing.
To ease notation, we write H k,w for the completion of the ring class field H p k`2 ,w of conductor p k`2 at the place w above v (which is itself a place above p). The proofs of both II.5.6 and II.5.10 mistakenly assert that H k,w contains the k-th layer of the cyclotomic Z p -extension of Q p . This issue first arises in the proofs of II.5.9 and II.5.10 where one wants to prove the following result:
vanishing Theorem 35. Suppose m, n ě 1 are such that rpmq " 0, pm, pN q " 1 and pn, pmN q " 1. Then
Tate vector supported on a point y k P Y 0 pN q corresponding to an elliptic curve E k with CM by the order of index p k`2 . Specifically, E k is a quotient of an elliptic curve E with CM by O K by a (cyclic) subgroup of order p k`2 which does not contain either the canonical subgroup Erps or its dual Erps. By the compatibility of local heights with norms, we have pairing pairing (8.1)
where ℓ w " ℓ v˝NH p k`2 ,w {Hv and recall ℓ v " log p˝NHv {Qp .
Recall that norms of units from the kth layer of any totally ramified [N3, II.5 .6]), we would conclude that lim kÑ8 xT m T n x, b σ p k y v " 0. Recall that this canonical mixed extension is a subquotient of H 1 pX 0 pN q´S,T , j 0˚A qp1q, where S and T are the finite sets of points supporting T m T n x and h σ k respectively. To prove that the Kummer class is a unit, we use the following lemma.
Lemma 36. Let m, n and k be as above. Then the supports of T m T n x and b σ p k are disjoint on the generic and special fibers of the integral model X of X 0 pN q.
Proof. Let z P Y 0 pN qpQ p q be in the support of T m T n x and let y be the Heegner point supporting the Tate cycle x. Thinking of these points as elliptic curves via the moduli interpretation, there is an isogeny φ : y Ñ z of degree prime to p since pp, nmq " 1. Recall p splits in K, so that y has ordinary reduction y s at v. Since Endpyq -O K -Endpy s q, y is a Serre-Tate canonical lift of y s . As φ induces an isomorphism of p-divisible groups, z is also a canonical lift of its reduction. On the other hand, the curve E k supporting h σ k has CM by a non-maximal order of p-power index in O K and is therefore not a canonical lift of its reduction. Indeed, the reduction of E k is an elliptic curve with CM by the full ring O K as it obtained by successive quotients of y s by either the kernel of Frobenius or Verschiebung. This shows that T m T n x and b σ p k have disjoint support in the generic fiber.
Now note that T m T n " T mn and rpmnq " 0, since rpmq " 0 and pm, nq " 1. By GZ [GZ, III.4 .3], the divisors T mn y and y τ are disjoint in the generic fiber, for any τ P GalpH{Kq. Since all points in the support of these divisors are canonical lifts, the divisors must not intersect in the special fiber either. But we saw above that the special fiber of E k is a Galois conjugate of the reduction of y, so E k and T mn y are disjoint on the special fiber as well.
Next we note that T m T n x is a sum ř d i , where each d i is supported on a single closed point S of Y 0 pN q{H k,w . Using norm compatibility once more and base changing to an extension F{H k,w which splits S, we may assume that S P Y 0 pN qpFq. It suffices to show that the Kummer class in
corresponding to the canonical mixed extension E of d i and h σ k is a unit. By
, it is enough to show that E is itself crystalline, since then the corresponding Kummer extension lies in
As E is a subquotient of H 1 pX 0 pN q´S relT , j 0˚A qp1q, its crystallinity follows from the next theorem, concluding the proof of Theorem vanishing
35.
crysmixed Theorem 37. Suppose F is a finite extension of Q p and let S, T P Y 0 pN qpFq be points with noncuspidal reduction and which do not intersect in the special fiber. Then H 1 pX 0 pN q´S relT , j 0˚A qp1q is a crystalline representation of G F .
Proof. Write V " H 1 pX 0 pN q´S rel T, j 0˚A q. The sketch of the proof is as follows. Faltings' comparison isomorphism Falt [F] identifies D cris pVq with the crystalline analogue of V, which we will refer to (in this sketch) as H 1 cris pX´S rel T, j 0˚A q. The dimension of V is determined by the standard exact sequences
Similar exact sequences should hold in the crystalline theory since S and T reduce to distinct points on the special fiber. Using the known crystallinity of H 1 pX, j 0˚A qp1q, H 0 pT , j 0˚A qp1q, and H 0 pS, j 0˚A q (the latter two because the fibers of X Ñ XpN q above S and T have good reduction), we conclude that dim Qp V " dim F 0 H 1 cris pX´S rel T, j 0˚A q, i.e. that V is crystalline. Let us describe in more detail the comparison isomorphism which we invoked above. The main result of Falt [F] concerns the cohomology of a smooth projective variety with trivial coefficients. In our setting, however, we deal with cohomology of an affine variety with partial support along the boundary and with non-trivial coefficients. The proof of the comparison isomorphism in this more complicated situation is sketched briefly in Falt [F] as well, but we follow the exposition ols [Ol] , where the modifications we need are explained explicitly and in detail.
Let R be the ring of integers of F and set V " Spec pRq. Let X{V be a smooth projective curve and let S, T P XpV q be two rational sections which we think of as divisors on X. We assume that S and T do not intersect, even on the closed fiber. Set D " S Y T and X o " X´D. The divisor D defines a log structure M X on X and we let pY, M Y q be the closed fiber of pX, M X q. We use the log-convergent topos ppY, M Y q{V q conv to define the 'crystalline' analogue of V. There is an isocrystal J S on ppY, M Y q{V q conv which isétale locally defined by the ideal sheaf of S; see ols [Ol, §13] for its precise definition and for more regarding the convergent topos.
Theorem 38 (Faltings, Olsson) . Let L be a crystalline sheaf on X o F associated to a filtered isocrystal pF, ϕ F , F il F q. Then there is an isomorphism
As L " j 0˚A is crystalline
Falt [F, 6 .3], we may apply this theorem in our situation. Taking Galois invariants, we conclude that
To complete the proof of Theorem crysmixed 37, it would be enough know that the convergent cohomology group D cris pVq sits in exact sequences analogous to the standard Gysin sequences ( gysin 8.2). These sequences hold in any cohomology theory satisfying the Bloch-Ogus axioms, but unfortunately convergent cohomology is not known to satisfy these axioms. On the other hand, rigid cohomology does satisfy the BlochOgus axioms petrequin [P] . So we apply Shiho's log convergent-rigid comparison isomorphism shiho [Sh, 2.4 .4] to identify D cris pVq with H 1 rig pY´S s rel T s , j : Eq, for a certain overconvergent isocrystal j : E which is the analogue of j 0˚A on the special fiber. Here S s and T s are the points on the special fiber. We have similar identifications with rigid cohomology for each term appearing in the sequences ( gysin 8.2), and the corresponding short exact sequences of rigid cohomology groups are exact. The crystallinity of V now follows from dimension counting.
Next we note that the proof of Nek [N3, II.5.11] also assumes (incorrectly) that H 8 :" Ť k H p k ,w contains the cyclotomic Z p -extension of Q p . Before explaining how to modify the proof of that lemma, we recall a few well known facts about ramified Z p -extensions and formal groups.
Let F " Q p , and for each uniformizer π of Q p we let F π be the unique formal group over Z p admitting f pxq " πx`x p as an endomorphism. Then the π-power torsion points of F π generate a totally ramified infinite extension F π {F whose Galois group is Γ " µ p´1ˆZp . The norm group of the nth layer F π,n of F π {F is the group N π,n generated by π and p1`p n Z p q. If ̟ is another uniformizer, then π{̟ " u is a unit and the layers F π,n and F ̟,n agree for n such that u P U n :" 1`p n Z p .
q1 Proposition 39. Given a totally ramified extension F 8 {F with GalpF 8 {F q -Γ, there is a uniformizer π of F such that F 8 " F π .
The proof uses the following elementary lemmas, the second of which follows from local class field theory.
Lemma 40. There is a unique subgroup of U " Zp of index p´1, namely U 1 .
Lemma 41. Suppose F 8 {F is a totally ramified Γ-extension with a universal norm π of valuation 1, i.e. π is a norm from every subextension F n {F of F 8 {F . Then F 8 " F π .
Proof of Proposition q1
39. It suffices (by the previous lemma) to show that F 8 {F has a universal norm. Each F n has a norm π n which is a uniformizer (since F n {F is totally ramified). The sequence π n has a converging subsequence (by compactness of Z p ), and we let π be the limit of one such subsequence; π is a uniformizer in Z p . Note that we may even assume that the entire sequence converges to π because if π n is a norm from F n , then it a norm from F n´1 as well. It remains to show that π is a norm from every F n . Note first that U X NmpFn q " U n ; this is true for any totally ramified Γ-extension of Z p . Now π is a norm from F n if and only if the unit u n " π{π n is a norm from F n , i.e. if and only if u n P U n . Now note that π k`1 {π k P U k as both π k`1 and π k are norms from F k . So π k`1´πk P p k`1 Z p and hence π´π n " lim mÑ8 pπ m´πm´1`¨¨¨`πn`1´πn q P p n`1 Z p .
But this exactly says that u n is in U n , which proves the theorem.
Now recall that we assume p " pp is a rational prime which splits in K, so that K p " Q p . The tower H i of ring class fields of conductor p i is then a totally ramified Γ-extension of H " H 0 , the Hilbert class field of K. Since these are all abelian over K, we can find a corresponding Γ-extension of K itself. This also gives a totally ramified Γ-extension F 8 of K p -Q p .
unif Proposition 42. Let h be the class number of K and suppose p h " pπq for some π P O K . Then the anticyclotomic extension F 8 {Q p corresponding to K is F ̟ , where ̟ is, up to a root of unity in Q p , an hth root of π{π.
Proof. It is enough to prove that π{π is a universal norm in the Z p -extension F 8 , because it is then necessarily an hth power of a uniformizer which is also a universal norm. Using the compatibility between local and global reciprocity maps, it suffices to show that the idele (with non-trivial entry in the p slot) p. . . 1 , 1 , π{π , 1, 1 , . . .q P AK is in the kernel of the reciprocity map r n : AK{KˆÑ GalpK ab {Kq Ñ GalpH p n {Kq, for each n. The kernel of r n is KˆAK ,8Ôp n . It is therefore enough to show that p. . . 1{π , 1{π , 1{π , 1{π , 1{π , . . .q PÔpn.
This is clear at all primes away from p since π is a unit at those places. At p it amounts to showing that p1{π, 1{πq P K pˆKp lands in the diagonal copy of Z p under the identification K pˆKp -Q pˆQp , and this is clear.
To fix the proof of Nek [N3, II.5.11] , it is enough to prove the following proposition.
hodgetate Proposition 43. Let V be the Galois representation H 1 et pX 0 pN q, j 0˚A qp1q attached to weight 2r cusp forms. Writing H 8 for Ť n H p n ,w , we have H 0 pH 8 , V q " 0. Proof. We follow Nekováȓ's approach. Let K 8 {Q p be the totally ramified anticyclotomic Zpextension contained in H 8 and let χ : G Qp Ñ Zp be the character determined by the Lubin-Tate formal group attached to K 8 {Q p . Then χχ´1 cyc is unramified and the G Qp -representation Q p pχq is crystalline. The frobenius morphism on D cris pQ p pχqq is given by multiplication by ̟, where ̟ is defined in Proposition cris by V pχ j q, taking invariants, and then twisting the resulting filtered frobenius modules by χ´j, we obtain H 0 pH 0 , V pχ j qqpχ´j q Ă D cris pV q
As an element of C, ̟ has absolute value 1. Since V appears in the odd degree cohomology of the Kuga-Sato variety, KM [KM] implies that D cris pV q f "̟´j vanishes and the proposition follows. Proposition 44. The numbers #H 1 pH p r , T q tors are bounded as r Ñ 8.
Proof. From the short exact sequence
we have pV {T q Gr Ñ H 1 pG r , T q Ñ H 1 pG r , V q Ñ 0, where G r " GalpH p r {H p r q. As H 1 pG r , V q is torsion-free, we see that pV {T q Gr maps surjectively onto H 1 pG r , T q tors . An element of order p a in pV {T q Gr is of the form p´at for some t P T not divisible by p in T . We then have σt´t P p a T for all σ P G r . As V {T -pQ p {Z p q n for some integer n, it suffices to show that a is bounded as we vary over all elements of pV {T q Gr and all r. Suppose these a are not bounded. Then we can find a sequence t i P T such that t i R pT and such that σt i´ti P p apiq T for all σ P G 8 :" GalpH{H 8 q. Here, apiq is a non-decreasing sequence going to infinity with i. Since T is compact we may replace t i with a convergent subsequence, and define t " lim t i . We claim that t P H 0 pH 8 , V q. Indeed, for any i we have σt´t " σpt´t i q´pt´t i q`σt i´ti .
For any n ą 0, we can choose i large enough so that pt´t i q P p n T and σt i´ti P p n T , showing that σt " t. By Proposition hodgetate 43, t " 0, which contradicts the fact that t " lim t i and t i R pT .
